We study global well-posedness for Cauchy problem of the three-dimensional viscous primitive equations of geophysics in the critical functional framework.
Introduction
The viscous primitive equations are a fundamental mathematical model of geophysics that describes the large-scale ocean and atmosphere dynamics, see, for instance, the monographs [-]. The model reads as follows:
∂ t u -ν u + e  × u + (u · ∇)u + ∇p = gθ e  in R  × (, ∞),
where the unknown functions u = (u  , u  , u  ), p, and θ denote the fluid velocity, pressure, and thermal disturbance, respectively, and ν, μ, and g are the positive constants of viscosity, thermal diffusivity, and gravity, respectively. Moreover, is the so-called Coriolis parameter, a real constant which is twice the angular velocity of the rotation around the vertical unit vector e  = (, , ), and N is the stratification parameter, a nonnegative constant representing the Brunt-Väisälä wave frequency. The ratio P := ν μ is known as the Prandtl number, and B := N is essentially the "Burger" number of geophysics. We refer the reader to [, , ] for derivation of this model and more detailed discussions on its physical background.
If θ ≡ , N = , and = , then (.) reduces to the classical incompressible NavierStokes equations
which have drawn great attention during the past fifty more years. It has been proved that the Cauchy problem of (NS) is globally well posed for small initial data in a family of function spaces including particularly the following ones:
see Fujita and Kato [] , Kato [], Cannone [] , and Koch and Tataru [] . These spaces are called critical because their norms are invariant with respect to the following scaling:
which is related to the Navier-Stokes equations themselves. More precisely, if (u, p) is a solution of (NS), so is (u λ , p λ ). Note that the literatures listed here are far from being complete; we refer the reader to [] and [] for exposition and more references. If only θ ≡  and N =  but = , then (.) reduces to the incompressible rotating Navier-Stokes equations
The topic of well-posedness for the Cauchy problem of (RNS) has also been widely studied in various function spaces. We refer the interested reader to [-] and the references therein.
In this paper we study the global well-posedness of the Cauchy problem of the viscous primitive equations (.), that is, the problem
Before going further, let us first make a short review on the study of the well-posedness topic of this problem. 
  =  in the special case where the Prandtl number P = , provided that one of the following conditions holds: (a) |B| < √ g, and N is sufficiently large (depending on the scale of the initial data); (b) |B| > √ g, and both and N are sufficiently large (depending on the scale of initial data). They also proved the following global result for uniformly small data with respect to and N inḢ   (R  ).
For other related studies on the viscous primitive equations (.), we refer the interested reader to [-].
For problem (.), the situation is obviously more complicated than (NS) and (RNS) on account of the coupling effect between the velocity u(t, x) and the thermal disturbance θ (t, x). Moreover, due to the influence of the oscillations caused by the rotation (i.e., the term e  × u) and the stratification (i.e., the terms gθ e  , seeing Definition ., in which we shall obtain the regularizing effects of {T ,N (t)} t≥ similar to the Stokes semigroup and gain the global solvability for (.). Our main result is stated as follows. 
, ] is an arbitrary fixed number.
Remark . Obviously, Theorem . is an improvement of Theorem . due toḢ
for p ≥ . It is also worth mentioning that θ  can be large in (.), provided that N is large enough.
The rest part of this paper is organized as follows. In Section  we introduce the hybrid-
and Stokes-Coriolis-Stratification semigroup {T ,N (t)} t≥ and investigate the regularizing effects of {T ,N (t)} t≥ . In Section , we use the Littlewood-Paley analysis technique to derive some linear estimates and a useful product law. Finally, we present the proof of our main result.
Throughout this paper, we use C and c to denote universal constants whose values may change from line to line. Both Fg andĝ stand for the Fourier transform of g with respect to space variable, whereas F - stands for the inverse Fourier transform. For any  ≤ p ≤ ∞,
Function spaces and Stokes-Coriolis-Stratification semigroup
Let S(R  ) be the Schwartz class, and let S (R  ) be the space of tempered distributions.
First, we recall the homogeneous Littlewood-Paley decomposition. Choose two radial functions ϕ, ψ ∈ S(R  ) such that their Fourier transformsφ andψ satisfy the following properties:
and, furthermore,
We define by j and S j the following operators in S (R  ):
denotes the linear space of polynomials on
. It is known that there hold the following decompositions:
With our choice of ϕ and ψ, it is easy to verify that
Here, we recall the definition of general homogeneous Besov spacesḂ 
Definition . ([])
Let s ∈ R,  ≤ p, r ≤ ∞, and u ∈ S h (R  ). We set
We then define the spaceL
In the sequel, we will constantly use the following Bernstein inequality. 
Now, we introduce the Stokes-Coriolis-Stratification semigroup {T ,N (t)} t≥ and study its regularizing effects.
By 
where
, together with the fact e (A+B)t = e At e Bt for ν = μ, gives an explicit expression of the Stokes-Coriolis-Stratification semigroup {T ,N (t)} t≥ corresponding to the linear problem of (.) via the Fourier transform
and
Hence, from (.) and Plancherel's theorem it is easy to see that {T ,N (t)} t≥ is a bounded C  -semigroup on L  (R  ). By Mikhlin's theorem we may extend the semigroup {T ,N (t)} t≥ 
(ii) for any λ max{| |, N} and  ≤ p ≤ ∞,
Proof ( 
Now, we focus our attention on T  ,N (t). We will adopt the spirit of the proof for the heat operator as in [] . Let φ ∈ D(R  \{}) be equal to  near the annulus C. Set
Thus, to prove (.), it suffices to show that
Thanks to the boundedness properties of M  (ξ ) and M  (ξ ), we have
It is easy to check that L(e ix·ξ ) = e ix·ξ . By integration by parts we obtain
where m ∈ N is chosen later. We verify by applying the Leibnitz formula that
Thus, we have
which, together with (.), gives (.). Inequality (.) is proved.
Linear estimates and bilinear estimates
We establish some basic estimates that will play a crucial role in the proof of Theorem.. We first consider linear estimates for the semigroup {T ,N (t)} t≥ .
Combining (.) with (.) yields (.).
Proof For j such that  j > max{| |, N}, applying Lemma . and Young's inequality yields
Inequality (.), together with (.), yields (.).
We now turn to establish the following product law, which is indispensable for gaining the bilinear estimate in the proof of our main result.
Proof Applying Bony's decomposition [], we rewrite˙ j (fg) aṡ
Applying Lemma . and Hölder's inequality, we see that
where we have used the fact that
Similarly, we have
On the other hand, for j such that  j ≤ max{| |, N}, we have
Applying Lemma . and Hölder's inequality gives
, and due to p ≥  and α +  p -  > , we see that 
Summing the estimates obtained, I j, ∼ I j, yields that
By the same argument we have
By Lemma . and Hölder's inequality we have
Finally, noticing that  ≥ p ≥ , we obtain
Summing up the estimates of III j, ∼ III j, , we arrive at Let R j (j = , , ) be the Riesz transforms on R  and set P = ( P ij ) × with
where δ ij is the Kronecker's delta notation. By using the Duhamel principle we easily obtain that problem (.) is equivalent to the following integral equation: 
